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Non-Universality in Ising Models with Four Spin
Interaction
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We consider two bidimensional classical Ising models, coupled by a weak
interaction bilinear in the energy densities of the two systems; the model con-
tains, as limiting cases, the Ashkin-Teller and the Eight-vertex models for
certain values of their parameters. We write the energy—energy correlations and
the specific heat as Grassman integrals formally describing Dirac 141 dimen-
sional interacting massive fermions on a lattice, and an expansion based on
Renormalization Group is written for them, convergent up to temperatures very
close to the critical temperature for small coupling. The asymptotic behaviour is
determined by critical indices which are continuous functions of the coupling.

KEY WORDS: Coupled Ising models; non-universality; renormalization group;
fermions; critical indices.

1. INTRODUCTION AND MAIN RESULTS

1.1. Motivations

It is well known that the partition function and many correlations of the
d =2 classical Ising model can be written as Grassman integrals formally
describing a system of d = 1+1 free fermions, see refs. 1-6. This mapping
of the Ising model in terms of a fermionic theory is quite useful; as the
corresponding action is quadratic in the Grassman variables, it can be
diagonalized by a Bogoliubov transformation so that the partition function
and many observables can be exactly computed. However, even a slight
perturbation of the Ising model makes the corresponding fermionic action
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non-quadratic. The relationship between spin Ising-like models and inter-
acting fermionic models is deeply investigated in the literature; it is for
instance claimed that models of coupled Ising models with an interaction
quartic in the spins, like the Eight-vertex model, are in the same class of
universality of models of interacting d =141 fermions in the continuum,
like the massive Thirring model or the massive Luttinger model, see, for
instance, refs. 7-9. This relationship is however found under many
approximations. In this paper we consider two Ising models coupled by a
general interaction bilinear in the spin densities; the model contains as par-
ticular cases the Ashkin-Teller and Eight-vertex model for certain values of
their parameters. We clarify the relation between this general spin model
and systems of interacting fermions by writing the partition function and
some correlations as Grassman integrals with a formal action resembling
but not coinciding with the action of the massive Thirring or Luttinger
model; the main difference (in addition to the fact that the formal action
describes fermions in a lattice, not in the continuum) is that it does not
verify some special symmetries (like invariance under local Gauge trans-
formations) which are generally verified in models of interacting fermions
and which play an important role in their analysis. The main interest in this
representation in terms of Grassman integrals is that we can apply the
Renormalization Group techniques developed for interacting fermions (see,
for instance, refs. 10 or 11) for writing a convergent perturbative expansion
for the partition function and some correlations of the spin model we are
considering. A naive power series expansion in the coupling is not expected
to be convergent close to the critical temperature (the free and interacting
model are not analytically close) and one needs a resummed or renormalized
expansion which is provided by Renormalization Group.

1.2. Spin Systems with Quartic Interactions

We consider two Ising models coupled via a four spin interaction bili-
near in the energy densities of the two sublattices. Given 4,, € Z* a square
lattice with side M and periodic boundary condition, we call x = (x, x;)
asite of 4,,. If 6V =+1 and ¢® =+ 1, we write the following Hamiltonian

H(c",0?) = H,(¢")+H;(c®)+V(a",0?) (L1

where, ifa =1, 2

M
H,(O'(“))=— z [Jgrx) @ @ +J(m) @ @ ] (1'2)

xxo x+1 B xxo xx0+1
x,xp=1
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The above Hamiltonian can be a model for a number of physical
problems; for instance two magnetic spin planes coupled by an interplanar
interaction quartic in the spins (in this interpretation ¢ and ¢® are the
spin of the first or second plane). Moreover it contains, as limiting cases,
two well known models, the Ashkin—Teller and the Eight-vertex model.

1.3. The Ashkin-Teller Model

Ashkin and Teller introduced their model as a generalization of the
Ising model to a four state system. Each site x is occupied by one of the
four kinds of atom, said A, B, C, D, and two neighboring atoms interact
with an energy ¢, for A4, BB, CC, DD; ¢, for AB,CD, ¢, for AC, BD, &,
for AD, BC. It is quite easy to express this model in terms of Ising spins,
see ref. 12. One associates to each site of the lattice two spins "’ and ¢@,
see Fig. 1; then ¢V, ¢ = (+, +) if there is an 4 atom at site x, (4, —) if
there is an atom B, (—, +) if there is an atom C and (—, —) if there is an
atom D. Then the hamiltonian is given by

Hy (0, o)
=H,(cV)+ H,(6?®)

z [62 g@ o0 g0 4150 @ GO G0 _p

X, X xx0+lo-xx0 X, Xo+ X, Xq x+1x0 X, X Ox+1, Xq
x,x9=1

(1.4)
where Hl(a(a)) is given by (1.2) with Jgoc) = ng) =J® and
(1)_(8o+81—£2_£3)/4 (2)_(£°+£2_£3_£1)/4 (1 5)
—J"=(eg+e;—e —¢) /4 —Jo=(e+& +e+e)/4 .

The model is not soluble, except in some particular case, and we refer to
Chapt. 12 of ref. 13, and references therein for a review of the main results
about it; it is of the form (1.1) with b=c¢ =0.
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Fig. 1. The spin representation of the Ashkin-Teller model; the dotted lines represent the
Ising interactions, the solid lines the quartic interactions.

1.4. The Eight-Vertex Model

In such model one associates to each site of a square lattice a vertex
with four arrows with different orientations, see Chapt. 10 of ref. 13.
Among the sixteen possibilities, only eight kind of vertices are allowed, and
an energy ¢, i =1,..., 8, is associated to each of them. It was solved in
ref. 13 if ¢, =¢,, ¢, = ¢,, & = &, & = & and for suitable values of the ¢; it
reduces to the ice-model, solved in ref. 14. Such models are called vertex
models and were introduced to describe crystal with hydrogen bonding. As
explained in refs. 13 or 15 they can be written in terms of the following
Hamiltonian, see Fig. 2

@ ;@) = '
HA(O- g )__z [Jo-x,x0+10-x+l,x0+J0-x,xoo-x+1,x0+1
X, X
"
+J O-x,xoo-erl,x0+1ax,x0+lax+1,x0] (16)
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L xR T x0T
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o XXM X0, '

Fig. 2. The spin representation of the Eight-vertex model; the solid points have x, + x even
and the void points, odd; the solid lines represent the quartic interaction.
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with

g=¢g=—J-J-=-J" =g =J+J'-J"

(1.7
es=¢g=J—J+J" g =¢g==J'+J+J"

If J” =0 the above hamiltonian decouples in the hamiltonian of two Ising
models, involving spins located in two sublattices, one with x+ x, equal to
an even number and the other to an odd number. Each site of the sublat-
tices is in the center of the unit square of the other one. Calling ¢ and ¢®
the spin located in the first or the second sublattice, relabeling the spins
and performing a rotation of § the hamiltonian can be written as, see Fig. 3

H, (o, 0?)

= HI(G(I)) + HI(U(Z))
M
2 5,0 @ LM @ L1 2 2)
—J" Z . [O-x,xoo-x,x0+la-x,xoo-x+1,x0 +ax,xoo-x,x0+10-x—1,x0+lax,x0+1]
X, Xg =
° (1.8)
where
M
Hio®) == ¥ Jl0%,0%, +0%,0%, 1]
x,xo=1

which is again of the form (1.1) with a = ¢ = 0 (of course this identification
is exact if boundary conditions in the FEight-vertex model are chosen

properly).

[ 9 ® ®
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o v
% O o}
| @ L J ®
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Fig. 3. The eight-vertex model in the rotated frame, with spins relabelled; the solid lines
represent the quartic interaction.
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1.5. Main Results

We will consider in this paper the case
JP=JP =JP=JP =7 (1.9

If A =0 the problem reduces to the Ising model whose critical temperature
is given by tanh .J, = ﬁ —1=¢, where J = fJ, and B! is the tempera-
ture. The interaction changes in general the value of the critical tempera-
ture by terms O(4), and it is instead technically convenient to fix its value
still in correspondence of ¢, = ﬁ— 1, by choosing properly the molecular
energy parameter J as a function of A; in this way the critical temperature
of the system with 4 =0 and A # 0 is the same. We consider then the model
(1.1) with J, replacing J, and we will choose J, = J + O(A) so that the criti-

cal temperature is in correspondence ¢, = ﬁ —1.
We define

)

1
OX) O(¥))4 =~ Y 0(X)O0(y) e (1.10)

440,81
xedy

@) @ . .. .
where Z, =3 o o _,, e M7 is the partition function, fX(J)=

xeAM

lim 4, i F'log Z, is the free energy, aﬂ f 4(J) is the specific heat, and the
correlation function of the observable O(x) is

O(x) O(¥)) 47 =<O(X) O(¥)) 4 —<O0(x)>, <O(¥)>4.  (1.11)

In the Ising model close to the critical temperature ;—22 o) ~

Ale—1,||x—y|

Clog|t—t,|" and for large distances [<O(x) O(y)), 7l <”7, with
A, C suitable constants.
We will prove the following theorem.

Theorem 1. Consider the hamiltonian (1.1), with J, replacing J,
and assume that |a+b|>0 and (1.9). There exist ¢>0, a; >0, a>0
constants and a function v(1) = tanh J, —tanh J such that, for |A| < ¢ and
azl—t|= e’aﬁ, the energy—energy correlation verifies

lim (50 P008),7 = Q4 ¥)+ 2%, 1) +2P(x, )
= (1.12)
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where x, X’ and y,y’ are nearest neighbor pairs respectively and, for any
integer positive N
Cy
Ix—y[**" 1+ (4 [x—yD"
1 Cy
Ix—y**" 1+ (4 [x—yD"
Cy
Ix—yI** 1+ (4 [x—yD"

| (x, y)| <

(1.13)

|Q*(x, y)| <

Q€ (x, y)I <

where Cy, T are positive constants, 4 = |t —t,|'*"2, and v(1) = O(),

m(A) = —a; A+ 0(/12) . (A) = a A+ 0(/12) n3(A) = a A+ 0(/12)

(1.14)
with @, > 0, a, > 0 constants. If 1 < |x| < 47!
1 (@), a 1 (@), b
,Q(“) a(X, y) +f/l (X, y) ,Q(“) b(X, y) _ +fl (X’ y) (115)

C Z2(x2xH)tm C Z2(x24x)ns

and |Q@-“(x,y)| <|L where Z, >0 is a constant and f,(x,y) are

X7y|2+t ’

smooth bounded O(A) functions. Finally the specific heat verifies

1 1 0?
C, |—[1=14P"1+—[1— 41| < |—; f*
TP+, 1) asz(J)‘

1 1
<G |—[1=|4"]+—[1-1]4]*"]
m M3

(1.16)

where C,, C, are positive constants.

1.6. Remarks

The above theorem describes the behaviour of the energy—energy cor-
relation and the specific heat near the critical temperature of Ising models
in two dimensions weakly coupled by a four spin interaction. One can dis-
tinguish two different regimes in the asymptotic behaviour of the energy—
energy correlation function, discriminated by an intrinsic correlation length
& of order |t—¢,|7'7" with 7, = O(A). If 1 < |x—y| << ¢, the bounds for
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the correlation function is power-like (with a 4 dependent exponent) while
if ¢ << |x|, there is a faster than any power decay with rate of order ¢, In
the first region we can obtain the exact large distance asymptotic behaviour
of the energy—energy correlation function, see (1.15), while in the second
region only an upper bound is obtained. The logarithmic behaviour of the
specific heat in the Ising model getting closer and closer to the critical
temperature is changed by the four spin interaction in a power law, at least
up to temperatures very 2close to ¢, for small four spin coupling. A bound
like C, log(|t—1,|7) < |% fHI)| < Cylog(|t—1,|7"), for some positive A-in-
dependent constants C; and C,, which would be true if the model would be
in the same universality class as the Ising model, cannot be true by (1.16) at
least for |t —¢,| > e‘a;7.

In the particular case a = ¢ = 0 our model reduces to the Eight-vertex
model, which is exactly soluble;"® our results agree with the informations
obtained by the exact solution, in which non universal critical behaviour is
found and it is believed that the specific heat diverges with a power law. !>
In the case a = b =0 our model reduces to a model of two non interacting
Ising models with nearest neighbor and four spin interaction within each
copy, which was studied in ref. 16 (which is indeed the first paper in which
fermionic RG methods were applied to classical Ising-like models, and
it is a major source of inspiration for the present work). In this case
C,log(jt—t,|™) < ng‘(.])l <G, log(Jt—1,]™") (up to t=t,) so that uni-
versality indeed holds

1.7. Sketch of the Proof

The proof of the theorem is based on Grassmann variables combined
with renormalization group techniques. In Section 2 we briefly recall the
well known representation of the bidimensional Ising model in terms of
Grassmann variables, mainly due to refs. 1, 3—5 and recently rederived in a
more cohesive way in ref. 16. The partition function and the correlation
can be written in terms of Grassmann integrals with a quadratic action
which can be explicitly computed in terms of Pfaffians. The exact solva-
bility of the Ising model is hence related to the fact that it can be expressed
in terms of free fermions, as it was first noted in ref. 2. In the Grassmann
representation there are four independent Grassmann variables associated
to each point of the lattice, two with a large O(1) mass and the other two
with a continuously vanishing mass at the critical temperature. In Section 2
we show that two Ising models weakly coupled by four spin interactions,
with hamiltonian (1.1), can be also written in terms of Grassmannn
integrals, with the difference that there are now eight independent Grass-
mannn variables (four for each Ising model) and that the formal action
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contains now terms which are quartic in the fields, corresponding to a short
range interaction among fermions. By performing a suitable linear trans-
formation in the Grassmann variables one obtains that in the new variables
the quadratic part of the action strongly resembles the action of two
massive Dirac fermions in d = 1+ 1 dimensions (it would coincide with that
if the continuum limit would be taken); again one Dirac fermion has a
large O(1) mass and the other is vanishing at z,, and we call them heavy
and light fermions. We are essentially exploiting in this transformation the
relation Pf? 4 = det 4.

In Section 3 we integrate out the heavy fields in the Grassmann
integral for the partition function, so obtaining a Grassmann integral
whose formal action contains monomials of every degree in the light Dirac
fermions. In order to do this we use the representation in ref. 17 of fer-
mionic truncated expectations and Gram-Hadamard inequality.

In Section 4 we apply renormalization group methods to integrate the
light fermions, which in a sense are the critical modes. We will use a suit-
able modification of the multiscale expansion used in ref. 18 (see also
refs. 10 or 11 for a general introduction to the formalism) to study the cor-
relation functions of the Heisemberg—Ising XY Z chain; the close relation-
ship between Ising models with quartic coupling and the XYZ chain has
been pointed out many times in the literature, see, for instance, ref. 13.
A power counting analysis says that the terms bilinear in the Grassmann
variables are relevant in a RG sense, while the quartic terms, or the bilinear
with an extra derivative are marginal. One can understand here why uni-
versality is still present if one considers decoupled Ising models with
nearest neighbor and four spin interaction within each copy, and why on
the contrary it is lost if the Ising models are coupled. In the first case
(which is the one treated in ref. 19) one can easily check that the local part
of the quartic terms is vanishing, so the effective interaction is indeed
irrelevant in the RG sense. On the other hand in the second case the quartic
interactions is truly marginal and this produces a line of fixed points for the
RG transformation (instead of the gaussian fixed point as in the previous
case) continuously depending on the coupling 4. We decompose the
Grassmann integration P(dy/) as a product of independent Grassmann
integrations P(dy®), with covariance with non vanishing support only for
momenta with modulus between y"~! and y**!, with y>1 and =0, —1,
—2, —3,.... We integrate each P(dy®) iteratively starting from P(dy®)
obtaining a sequence of effective potentials ¥"® describing the theory at
momentum scale y”; at each step new contributions to the mass and the
wave function renormalization are obtained which are included in the fer-
mionic integration; hence P(dy®) has a covariance with mass m, and wave
function renormalization Z, with a non trivial dependence on 4, i.e.,
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m, ~ |t—t,| y™" and Z, ~ y"" with , = O(A*). The iteration stops as soon
as the mass m, becomes of order y"; we will call ~* the last scale to be
integrated (of course h* —> —oo at the critical temperature ¢=1¢,). The
iterative procedure allows to write the effective potential ¥"® as sum of
monomials in the Grassmann variables, with coefficients which are (con-
vergent) perturbative expansions in terms of a few running coupling con-
stant, A,, the effective coupling of the interaction between fermions, v,,
which takes into account the renormalization of the value of the critical
temperature, J, related to the renormalization of the fermionic velocity and
other couplings (; ,, 1, f, ».» Which are the coefficients of quadratic terms in
the Grassmann fields with a derivated field. Despite there are many
similarities between our Grassmann integrals and the one describing rela-
tivistic fermions, there is a crucial difference; the interaction term in the
action is not invariant under gauge transformation, hence terms which were
absent in the free action can be generated in the RG iterations. One can
check that indeed peculiar symmetries of the model (1.2) ensure that there
is only one relevant term quadratic in the fermions (if there were more one
gets in troubles, as there is only one free parameter in the hamiltonian). On
the other hand we cannot exclude the generation of marginal quadratic
terms which were absent in the free action; they are the terms (; , ;, f,-, o h
At the end the result of this iterative integration is an expansion for the
partition function in terms of the running coupling constants which is
proved in Section 4 to be convergent provided that the running coupling
constants are small for any 4.

In Section 5 we prove indeed that it is possible to choose the counter-
term v as a function of A so that the running coupling constants are indeed
small; the condition on the temperature |t —¢,| > e’ﬁ is used to control the
flow of the running coupling constants, and some cancellations at the lower
order in our expansion are also used to be as close as possible to the critical
temperature.

Finally in Section 6 we define an expansion for the correlation func-
tions and the specific heat; it is similar to the one for the partition function,
with the main difference that one has to introduce new fields associated to
the external fields. There are additional marginal terms in RG expansion to
which other renormalization constants, with a non trivial behaviour in 4, are
associated, i.e., Z{’ ~y"" and Z{ ~y"" By such expansion the state-
ments in the theorem are derived.

Among interesting open problems there is the reaching of the critical
temperature; surely one has to exploit suitable cancellations at every order
of the expansion for A,,J,, as in the theory of d =1 interacting Fermi
systems, see, for instance, refs. 18 and 20, but at the moment the main dif-
ficulty is in the flow of the couplings (; ,, , and &_,7, ».n- Another interesting
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problem would be the analysis of the spin-spin correlation function whose
expression in terms of Grassmann variables is unfortunately quite compli-
cated and not easy to manage. A similar problem appears in considering
two Ising models coupled by a weak interaction bilinear in the spins; in
such a case the interaction in terms of Grassmann variables has a quite
complex expression and it seems difficult to study. On the other hand, for
large coupling, such bilinear interaction should be irrelevant and univer-
sality should hold. Finally it should be interesting to study the case of two
coupled Ising models at different temperatures or the case of four coupled
Ising models; in this last case interacting spinning d = 1 fermions appear in
the fermionic description, which are known to have a behaviour quite dif-
ferent from the spinless one (like in the d = 1 Hubbard model).

2. FERMIONIC REPRESENTATION

2.1. Grassmann Integrals
If A =0 the hamiltonian (1.1) is given by the sum of two independent

Ising model hamiltonians, and the partition function is given by Z{"Z{®
where

ZP =Y et .1)

a;a):il
Xedy

It is well known that such partition function can be written in terms
of Grassmann integrals, so we recall first their definition. Grassmann
variables #,, a = 1, 2,..., 2n, n even, are anticommuting variables satisfying

M} =0 73=0 (22

The Grassmann integration | dy, is a linear operation defined as
[an.=0  [dn.n.=1 2.3)
It holds that

j [T dn. e>==# A= = Pf 4 2.4)
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where A is an even antisymmetric 2n-matrix and Pf 4 denotes the Pfaffian.
It holds

1
[ dn--dny exp 3 Y. node gy
«p

= [[dns,--dny TT 1+ A, gn.p)

a<p

1
- 2"n! Z (_1)17 API’PZAPS’p4 o .APZn—l’pZn =Pf4 (2‘5)
cp

where the sum is over all the permutations. We can consider another set of
Grassmann variables ), « = 1,..., 2n, and

j [1 dn. [] dn exp [ Y 1B, s} ] = Det B (2.6)
a o o f

The well known relation (Pf 4)*> = det A can be quite easily deduced by the
above Grassmann integrals; it can be written as

jn dn, d’? el o B} _JH dﬂ(l) ezn(l)Aa m§ J. H d”(Z) eZ’I(Z)Aa s 2.7

which can be proved by the change of variables

+ o

UM —ind) 28

f @ +ind)  n,= f (¢

in | dn, dn; e"* #5 . Then dy, dpt = idy® dy® and

NoAo gty =300 Ay g0 +30P A, 17 (2.9)
as
nPA, P —nP A, P =0 A, P -0 Ay nP =0 (2.10)

2.2. The Fermionic Representation of the Ising Model

It is well known that the partition function can be written as a
Grassmann integral. It is proved in refs. 1, 3-5 that

Z{ = (cosh J)? 25} [ [ dHY dAY av'® dv

X €4y,

x[—eSorteSt-teS-rte] .10
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where B is the total number of bonds and S is the total number of sites,

S =Y tanhJ[HY HD, , +VEOVE

X, Xq x+1, xq X, Xq x,x0+1]
X€edy

+ Y [A® H® +VO Ve +7O 7

X, X X, X X, X" X, X X, X X, X
X€dy

LY@ F® L H® jO L@ g

X, X X, X X, X0 X, Xq X, X X, Xq

] (2.12)

and H®, H®, V® V™ are Grassmann variables such that

40 — o g® 7 () — o Fg®

Hxa,(x0+M - 8Hxa,[x0 Hxa+M,x0 - 8,on,(x0 (2 13)
@ — e H® @ = @ ’

Hxa,(x0+M - ‘C:Hxa,(xo Hxa+M,x0 - 8,on,(x0

and identical relations hold for the variables V'@,V ®. The Grassmann
integration | [T, dH dH” is defined as the linear functional on the
Grassmannian algebra, such that, given a monomial Q(H®, H®) in
the variables H® H®, xed,,, its value is 0, except in the case
QH®, H®)=T], H®H®, up to a permutation of the variables. In this
case the value of the functional is determined, by using the anticommuting
properties of the variables, by the condition

[ ] da® ngo] [ HOA® =1. (2.14)

Xedy Xedy

In a similar way is defined the Grassmann integration for V', V@, just
exchanging H, H with V, V. In order to prove (2.11) the starting point is
the high temperature expansion

ZP =(cosh J,)? 2%} (tanh J,)’ 2.15)

where the sum is over all the closed polygons which may have points but
not sides in common, see Fig. 4. One then replaces the Ising lattice with
another lattice, called second lattice, in which each site is replaced by four
surroundings sites or terminals, see Fig. 5. If we associate ¥, with N, V,
with S_, H, with E, and H, with W, see Fig. 5, it is easy to verify, by the
rules of Grassmann integrations, that fesw’ can be represented as a sum
over polygon configurations over the second lattice. Such polygon config-
urations are defined such that each terminal must be coupled to another
terminal, E, may be coupled to W,,,,; N, . may be coupled S, , ,i;
E, may be coupled to N,, W,, S,; N, may be coupled to W, or S;; W, may
be coupled to S, and no other types of couplings are allowed. An example
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Fig. 4. Closed polygon in the high temperature expansion of the Ising model partition

function.

of polygon configuration in the second lattice is in Fig. 5. By a local identi-
fication of Ising configurations and configurations over the second lattice
(see Fig. 6), there is a correspondence between polygon configurations on
the Ising lattice and polygon configurations on the second lattice. The cor-
respondence is not one to one, as the configuration with zero lines in the
Ising model corresponds to three configurations in the second lattice.

NO Q
o @® O O .\O
4 E

NeJ Q

J (@]
o @ O O @ O
\O (@]

@] (@)
O#O o @ O

©) \O

Fig. 5.

v

The second lattice and its polygon configurations.
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Fig. 6. Local identification of Ising configurations and configurations over the second
lattice.

However the signs add so that the sum over polygon configurations in
the Ising lattice in (2.15) is exactly equal to the sum over polygon con-
figurations in (2.11); the proof is based on a subtle combinatorial analy-
sis first done in ref. 3. In order to ensure periodic boundary conditions,
one has to sum over four terms as in (2.11), as explained in ref. 4. We
write eSer = e+ ¢S5+ where S:% is given by (2.12) with J replacing J,
and

St =v Y HIOHY VOV O] (2.16)

Xedy

If J is not constant but it depends on the bounds one obtains a similar
formula in which $®,° is given by

g &

,0 7 7
SO0 =Y [tanh I, o epr o AO HE, , +tanh JE, POV, ]

X, Xq 2; X, X5 X, X
X

X, X x, X0 X, %q X, Xo " X, X

+Y [AS HS, +VO VO +7O, A

+V(a) H® +H(<l) 1785 +V(°¢) H®

X, Xq X, Xq X, X" X, Xq X, X x,xo] (217)
and the factor (cosh J)® is replaced by [], cosh J,, where the product is
over all the possible nearest neighbor bounds. We will call Z{”(J, ) the
Ising model partition function with non constant J.
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2.3. The Fermionic Representation of Coupled Ising Models
The partition function of (1.1) is
221 — Z z e_Hl(a.(l))e _Hl(a.(2))e —V(a(l), 0.(2))

RO PR
X €Ay X €Ay

Let us consider first the essentially equivalent expression

A 0 ®
— —H; ("), —Hj(c™™)
Zy= )Y Y e H e
eW=11 ¢@=11
X €y X€dy

<[] [1+2a0( 00 1,000 5, ]

XH [1+2a0(, 00k 10000 1]

<[] [1+4bo() 0% 100,000 1]
x

Xﬂ [1+260(), 00 1021 100 41]

><l_[ H [142c0 (014,05 00 41]

Xl_[ l_[ [1+/lcagcu,‘{coo'gcmll,xoo'gcmll,xo—lo'xﬂ )]
@ x

Noting that

CH (@ 0
0P 0%, e = TG zPJ Sf)x')|{1§f’x,} — ey

1 x, xp; x+1, x

(2.18)

(2.19)

(2.20)

and from (2.17) this derivative gives an extra factor tanhJ©®+

sech’ JOH®, H®), . in (2.11). In the same way

x, %97 x+1,x

—H, () a
g Eca)xoo- Sx)x(,“ e M = EY i Z ga)(J Sf),u)hfgﬂ,} ={J®}
2;x, xg5 %, X+ 1

and this derivative gives a factor tanh J ("‘)+sech2 JOVO VO L
write than, if 6, , =landd, _=0J_,=0__=
L0 0 @)

Zy= Y (=DF0F(L])s0e Ze

RORO) RORNO)

2.21)

1- We can

(2.22)
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where

5D () @ @

Zy = (cosh J)*# 2%}

2
f I1 [l_[ dH® dH® av'® av'® ] eSith LS L
a=1 X

X, Xq x+1,x0)

x [] [1+Aa(tanh J +sech®> JH, H{)

x (tanh J +sech> JA®, HS, )]

x+1, %,
X, Xo" X, X

x[] [1+Aa(tanh J +sech®> JV D, VO, )

x (tanh J +sech? JV ? fo)xOH)]

X, X
x+1,x,

x[] [1+44b(tanh J +sech> JHY, HY, )

x (tanh J +sech? JV ? VS)XOH)]

X, Xq
X, X X,

x ] [1+Ab(tanh J +sech?> JVE, V', L)

x (tanh J +sech®> JH?, \H?, )]

x—1,x,
X, Xq x+1,x0)

x[] [1 [1+Ac(tanh J +sech> JHY, H)

x (tanh J +sech> JV @ V@ )]

X, Xo" X, %o

x+1, x,

x[T [T [1+4c(tanh J +sech> JH®, HS), )
x (tanh J +sech> JV), .V, )] (2.23)

The above expression can be rewritten as

2
Z§S>,e<1>,e<z),g<z) = (cosh J)?8 2% % J [ 1—[ 1—[ dH® dH® av'® a7 ® esi?‘l),e,m ] e’
a=1 x
2.24)
with

V =AY+, (2.25)
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and, if f; =log(1+A[i] tanh*J) and [i]=a, b, c

X, X x+1, x,

Vo= /. +1“[FI§)XOH§31,;:O +H? HO ]

LA HO, HY

X, xg Tt x+1, x,

APH?, ]

x+1, x4
A2 at 2V OV Do +V 2V O]

7 (1 1 7 (2 2
H AV OV VOV 2]

X, X L X,

Vo= o+ WAL HY,  +V?

X, Xo X, X

2
Ve ]

L X,
7 (1 1 5(2)77 2
+/1bH§c,)x0H§<J)rl,xoV§)Vgc,)xoﬂ]
7 rpd 1 77 (2 2
Y o+ AV O VO +HS 1 HD, 1]
X

+4 VO VO GH?, G HP, ]
Vo= Y [fo4A[HO H, AV OV 0]
i
+AHS, HY, VOV, 1]
+Y Y oAV VO +HE H, ]
i

+AV VS GHPHS, L] (2.26)

x+1,x, x+1, xg
It is easy in fact to verify that

Trg©® 7 ¢ i (@) 7By, (B)
efi"'li[qu Hiﬂl,xo +V§a)VxD,L)xO+1]+A‘iH§(“)qu+l,x0V§(p V:fxo+l

={(1+[i]tanh®> N1+ L[APHY, . +VPVP, 1]
+ A+ (A)) HOHS, VOV E, 11} (2.27)
hence the equality between (2.23) and (2.24) holds with the identification
L(1+A[i]) tanhj J) = A[i] sech® J tanh J 228
(1+A[i] tanh® J)(4; +(4;)*) = A[i] sech* J

An expression identical to (2.22), (2.23) holds for Z,;, the only difference
being that the relation with respect 4,, 4; is slightly more complicated than
(2.28), but for small 4 again

7, =[i] Mtanh J sech> J+O(1)) A, =[i]A(sech* J+0(1))  (2.29)
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2.4. Massive and Massless Fermions

We define

P® (dH" dv®)=T] dH® dA av'® a7’ P S0 (2.30)

It is convenient to perform the following change of variables® ¥
AO+iH® =@ —o'5y®  FO_iH® — ¢ @ o157 o)
PO Ly = @ 4@ PO _ipy® — @ 4 7
It holds that
PD w(dH" AV @) = P$), o(d)®) PD) o(dy®) e (2.32)

where, if = tanh J

P (dy®) = [ I dw® dj® ]

X€dy

xexp{y T W@ -i0) YO +I00,+i0) )

X€edy
! =T (o o o 1 (o T (o T (
+7 Y [P YP +o ) +iy @@,y +0 )]
Xedy
+ Y i(/2-1-1) J;@.pg@} (2.33)
Xedy
where
WP =y, . —v® oW =y®, Y (2.34)
Moreover

t
Pedr ) =| T dr dz |exp ] § 0@ —i00) 1

X €Ay, X €Ay

(“)(51+160)X§u)+4 Z [—l)(;“)(al){(“)+60)(§“))

X€edy

OO 0T~ T (/24140 700 }

xeAM
(2.35)
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and finally
0, 1)
t
=% G (V0@ + 0y — PO 70 ~ 07 )

—ZP @Y+ )= 70O — 0P+ (0178~ 007
FPO(0170 =801+ T (00 =0 )+ 7O (0 + ) )}
(2.36)

We find convenient to rewrite the Grassmann variables in momentum
space. We call D, ,, the set of k such that

27n, (e—1) = _27zn0+(8’—1)7z

k=7 oM k=37 oM

(2.37)
and —[M/2]1<n, <[(M—-1)/2], = [M/2]<n <[(M—1)/2],n,,n, € Z.
We can write if k = (k,, k)

1 . - 1

lp;a) ZF Z lpl({oc) e—zkx lpioc) ZF z l/;l((a) e—ikx (238)
keD, . ke D,

Hence

PO (df) = [ [ do® dy ] exp [

keD, .

@ (i sin k+sin k)
4M2ke% R

+ PP sin k—sin ky) +i2m, (k) YO YA ] ] (2.39)

where m, (k) =2 (ﬁ— 1—1)+(2cosky+2cos k—4) =24 O(k?). In
deriving the above formula we have used that

YOO = Y (@e-DYPu= T isinky?yQ (240

keD, o keD, o

as

Y (cosky—DyYPyYR=— ) (cosk,—1) YRy

keD, o keD, o

=— Y (cosk,—D Y@y =0 (2.41)

keD,
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2.5. Majorana and Dirac Fermions
We write ® in (2.38) as

; 1 . .
WO = T U, eyl )

k'eD_ _

where p, = ("2, 222Dy “and Y = 1//,({“)” ; moreover
(“) ) (dy) = PO (dy") eOVonr (2.43)
where

Py =| T1 i av |

k'eD_ _

4 TONOYEIR , . ,
SYE Yo YRy sin k' +sin kp)
k'eD_ _

X eXp [
L EOF sin K —sin k) +i2m, (K) P05 ] ] (2.44)

and Qf; .o 1s defined by (2.43) and is formally vanishing in the limit
M — oo. Proceeding in the same way for P(dy) and Q we find

f [ H P((m) (m)(dlw) P(m (u)(d)(a) ] eCreVe? W1

=f [ H P(“)(le) P(“)(dx')}eéﬂ('/’" N lW. 107 W' 1) (2.45)
a=1
where
0., 1) = Z 00 00+ 000 0+ 08 @ w];  (2.46)
of course Q_’ W, H=0.1f

t_={K'eD, :k'>0} (2.47)

we can write P®(dy/’) in the following way

POy )= ] ayi dp'Q dys 'y

ket _

t
ap T S| e
KeD?

xexp[
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where
EW% = (i WL, P ) (2.49)
and A(k") is
0 sin k¢ +1i sin ' 0 0
—sin kg —i sin k' 0 —im, (k') 0
0 imy, (k") 0 —sin kg +i sin &’
0 0 sin ky—i sin &’ 0
(2.50)

Hence if we perform the change of variables
Vie == O i) fe == O i)

(2.51)
1 T =T 1 T =T
Y= _ﬁ WP +?) Y= /2 WP — i)

we find by (2.7)

POy POy )= [] TI avi.dbiodbie,d .,

Kept =~ o=l

t
4M 2 k' EED:i —

X exXp [ ELAK) %ﬁ,ﬂ] (2.52)

where

&E = (lpl:,h lp:k,l: lpl:,—ls lp:k,—l)

. (2.53)
:’T = (lﬁ: 1s ‘ptk 15 lﬁ: ~1s 'ﬁtk,—l)

We can make another change of variables ¥ , - Y7, , so that at the end,
if PU(dy) PO(dy) = P(dy)

Py =TI I @i, dVi, d¥i, dv=y,

keD:, o=t1

Y ErAGK) &ﬁ“] (2.54)

ent

t
Xexp[m )
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where

éE = (‘//1;1, ‘//:k,l, ‘//1:,—1, ‘p:k,—l)

o (2.55)
l-:—, = (wtk, 1> lplt 1» lptk,—ls lplt —1)
and in terms of the original variables
Vi = \i/ WO+ ) U= % W i)
' 2 . 2
(2.56)
| - 1 - _
‘p:l kK= = (lp;((’l)+up{((’2)) l,l’tl —k =_(lp;((fl)—ll//{((/2))
In the following we will call k' simply k. If we write
/e =L Y ey 2.57)
* M2 keD_ _ ¢ ’
we can rewrite (2.56) in the coordinate space as
Vo= SOOHNE) Y= )
. X 2 X X ,X 2 X X
(2.58)
| - 1 - -
Yon=—F72= @+ Y == P -i?)
or in terms of the original variables
Vi =75 (000N pieh 0y )
l//tx — Lz (e“‘sﬂ), 8:(1))&¢§‘1) _ ieips(z):e'(z)xlﬁf))
(2.59)
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If ke DY _then —ke D_ _ with D _uDZ _=D_ _ so that
t S _
Pap= 1 T diodinees| 5 T HAGWEY | o
keD_ _ w=z1 2M keD_ _

- i sin k+sin k; im, (k)
Ak) =
(k) < —im, (k) i sin k—sin k,

&= Win¥i) &=L (2.61)
Remark. In the physical language, the change of variables (2.59)

means that one is describing the system in terms of Dirac fermions instead
in terms of Majorana fermions.

A similar computation can be done for P(dy); proceeding exactly as
above we find

PO(dy V) PP(dy®) = P(dy) (2.62)

where

pdp= 11 1l dxiwdxi,wexp[ t 2 ﬁEﬁ(k)ﬁﬁ”} (2.63)

keD_ _ w=%1 2M2 keD_ _
Bk = <i sinl‘c+sin ko N imx(k.) )
—im, (k) i sin k—sin k,
1_1: =(Xl:,15)fl?,—l) ﬁlJ:T =(Xlt1:%lt—1) (2.64)

Note that tm, (k) = 2(\/5+ 1+1)+2¢t(2—cos ky—cos k), and the mass of
the y fields never vanishes. It holds that

[ P@0) 25050 = 880 (x=), (265)
where
1 ) -
) — —ik(x—y) -1
8o w’(x_y) - e [B (k)]w, W' (266)
: 2tM? Zk:

and B~!(k) is the inverse of the B(k) defined in (2.63).
If we set

A(K) = det B(k) = —sin® k, —sin? k— [m*(k)]%, 2.67)
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then

Bk = ——

—sin ky+isin k —im*(k)
YIS < ) (2.68)

im*(k) sin ky+i sin k

Similar formulas hold for g¥(x—y) and, if i =, y, the following bounds
holds, for any N > 1

1 Cy
L+ |y (x=y)| 1+ |mdy (x—=y)|™

g5 (x=y)I < (2.69)

lm;| Cy
1+ [mdy (x—y)|¥

gt o (x=y)I < (2.70)

where

4, (x—y) = <%Sin (”(’;; ”),%sin (%)) @.71)

T

The same transformations are done for the term e%.¢ which can be
written as the product of three terms similar to (2.33), (2.35), and (2.36)
with ¢ replaced by v and ﬁ —1 in (2.33) and \/i+1 in (2.35) replaced by
0; then (2.33),(2.35) can be written in terms of Dirac fermions as (2.61) and
(2.64) with ¢ replaced by v and ﬁ— 1or ﬁ+ 1 replaced by 0.

We have then written the partition function as Grassmann integral
over the y-fields, which are massive with a mass O(1), and the -fields with
a small mass O(z—t,) close to the critical temperature; we integrate out
first the heavy fermions y to get an effective theory in terms of the light
Jfermions \ only.

3. INTEGRATION OF HEAVY FERMIONS

3.1. Local Interactions

By the change of variables in the preceding section we can write (2.23)
as

M) (1) (@) 12

zs eMzﬂjP(dl//) j P(dy) 22:(6 1) Q0 W) gV W, ) 3.1
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where 4" is a normalization constant, P(y) and P(dy) are given by (2.60),
(2.63), 77, Q, Q, are obtained respectively from (2.36) and (2.46) by the
change of variables (2.59). We write

V(.0 =10+ 7))+ 7, 0 (3.2)

where 75(1) is a sum of monomials bilinear in the y, y* variables, 7, () is
a sum of monomials quartic in the Y, " and (¥, x) is sum of monomials

bilinear or quartic each one containing at least a y,, field. It holds that,
from (2.31),

AOHO =SyOF0 LR POVO =LyOFO LR (33)

where R® is sum of monomials bilinear in the fields y, ¥, ¥, ¥ and con-
taining at least one field y or y. Moreover, from (2.58)

lpil)lpg) =% [wl,x‘p—l,x +w1,x‘ptl,x +lptxl//—1,x +‘ptx¢tl,x]

_ 3.4
lﬁiz)lﬁf) =% [ _‘Pl,x‘p—l,x _‘ﬁtx‘ptl,x +lptx‘p—l,x +W1,x‘V—r1,x]
hence
lﬁ(a)lp(a)lp(“)lp(“) =0
(3.5)

YOPLOYPYP = e HROOIROONYL Yt YT

and from (2.26)

Vi) = =2 OO TROONT + 1) Y T W W W+ R W)
* (3.6)

and ¥'F is a sum of quartic monomials with coupling O(A) in which at
least a Oy field. In the same way it is easy to check that

1
¥, = Y Alv+ f1(A)1[iw+cos ky +cos k—2] Y Vi _,
k, o

+[v+ fo(A) ][ sin kg +i sin k] Yy Wi o} 3.7

where |1, | /2| < C |4].
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3.2. Integration of the Heavy Fields

We now integrate the heavy y fields
J}S(dlp) M Vv D) =JP(d¢)JP(dX) 220 g 00t W) ¥ (. 2) (3.8)

where A4 is a constant. Let us consider a set of coordinates Xi,..., X,,
which are not all different one to the other and we will denote by 5
the sum over all the distinct < 2n variables. We prove the following result.

Theorem 2. There exists an ¢ such that, for ||, [v| <e

*
V(l) = Z Z z I/I/n(xla'"’ XZn) aal f{ll,wl T a“zn f(zzr:,,wz,, (39)

n=1 {e,a 0} Xi,.., X

and, forn>2

*
Y WX X)) S MPC™ 272 (3.10)

X1, X2p

Forn=2

*
z I/I/Z(Xla-'-a X2n)amll//ill,w1 “'amznlpfg:,,wzn
X4

X

*

=W+ Y Y Wa(Xie X)) O, 0, (311)

X1, X4 {6, 0, 0}

.....

*
Z Z Wi(x, X,) 0 YL 02Y2

x;, %2 {0 0}

*
=)+ ) { ) } Wi(X1, X2) 0% YL o 022 o, (3.12)
X1, X2 {g 0@
with 35 o IWi(x,, X,)| < M°C |Al; #; and 7¥; are given by (3.6) and (3.7).
Finally

Pap=T1 Tl dbiedbieon|—1n 3 vidoa®ii, |

keD_ _ o=zl keD_ _

(3.13)
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with
Ak -
® = oo ®
Z(i sin k+sin ko) + f, 1 (k) —i(t—1,) Co+ f1.,(k)
x( i(t—1t.) Co+ f5,1(k) Z(i sin k—sin k0)+f2,2(k)>

with Cy=(t+1+4/2)% and Z=1[(2+2/20)+(2/2+3+>)] and
fo.0(k), fi;(K), i, j =1, 2 analytic O(k?) functions.

Remark 1. The fact that WZ(O,..., 0) = O(A?) can be checked by an
explicit computations of all the contributions with coupling O(4) to W,,
noting that they can be only obtained contracting a terms quartic in the y
fields with one of the addend of (2.36); each of such terms carries a deriva-
tive in the coordinate space, hence the Fourier transform of such terms is
vanishing at zero momentum.

Remark 2. The fermionic integration P(dys) reduces, neglecting the
functions f, o(k), f; ;(k) which are O(k?), to the integration of a system of
Dirac fermions on a lattice with mass O(¢—¢,). Hence, apart from the
functions f; ((k), f; ;(k), it coincides with the free action of the Thirring
model. Note however that the interaction in the Thirring model is quartic
and invariant under the transformation ¥ , — ey , in the massless
case; both this properties are not true for (3.9).

Proof. We start from the definition of truncated expectation:

&7(X; m) = log | P(dy) e, _, (3.14)

o"
o
so that, calling

V(6 ¥) = Q06 W)+ 0. W)+ 7 (1, ¥) (3.15)

we obtain

MZJV(I)-l-"V(l)(W):lOng(dX) e T = Z ( 1) éaT(V( V; n))
n=0 (3.16)
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We label each one of the monomials (whose number will be called C,) in ¥~
by an index v;, so that each monomial can be written as

Youx,) [] @ m(f)‘/’if(ff)), x(f) [T &« Zf(ff)), x(f) (3.17)
Xy, fef’,,‘, fep,

where x,, is the total set of coordinates associated to v; and P, and f’,,i are
set of indices labeling the y or y-fields. We can write

O =Y VOB, (3.18)
ﬁvo;eo

yOB)=Y [ 1 20 } KO (x,), (3.19)
Xy LS EP, ’

,,,,,,

known expression for &7 (see, for instance, ref. 17)

&P AN =3 [1 85 0 (xi—Y1) f dPr(t) det G'(t)  (3.21)

T IleT
where:

— P is a set of indices, and

I(P) = l—[ a“(f)li(({f)), o(f) (3.22)

feP

— T is a set of lines forming an anchored tree between the cluster of
points P,,..., P, i.e., T is a set of lines which becomes a tree if one identifies
all the points in the same clusters.

—t={t,, €[0,1],1<i,i' <s}, dPp(t) is a probability measure with
support on a set of t such that ¢, , =u;-u, for some family of vectors
u; € R’ of unit norm.

— GT(t) is a (n—s+1)x (n—s+1) matrix, whose elements are given
by G5 v =t 18w ot (X —Yry) With (f 7, f7,) not belonging to 7.

If s =1 the sum over T is empty, but we can still use the above equa-
tion by iterpreting the r.h.s. as 1 if P, is empty, and det G(P,) otherwise.

We bound the determinant using the well known Gram—Hadamard
inequality, stating that, if M is a square matrix with elements M;; of the
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form M;; = {(A,, B;>, where A4;, B; are vectors in a Hilbert space with scalar
product {-,- >, then

|det M| <TT I4:[l- 1Bl (3.23)

where || - || is the norm induced by the scalar product.

Let # =R°® #;, where J# is the Hilbert space of complex four
dimensional vectors F(k) = (F;(k),..., F,(k)), F;(k) being a function on the
set Z_ _, with scalar product

(F,G>= z ve z F*(K) G,(K). (3.24)

and it is easy to veriy that

Gy =10 82, (X —Yrp) = W ® Ay sy a0ri)» W ® Burt, ot s
(3.25)

where u; € R’, i = 1,..., 5, are the vectors such that ¢, , =u;-u,, and

1 {(—sin ky+isink, 0, —im,(k),0), if o=+1,

Ay (k) =¢' X\/——T(k).

(0, im,(k), 0, m, (k)), if w=—1,
B, =] (1,1,0,0), it w=+1,
o —€ N —— . ) ]
’ —Ak) (0,0, 1, (sink,+isink)/m,(k)), if w=-—
(3.26)

Hence from (3.23) we immediately find

|G cr (3.27)

ij, i'j’ |
Note that C, is an O(1) constant; this follows from the fact that the

Grassmann variable y has an O(1) mass. Finally we get

> K5 (x)l

X'JO

\Zln, X X C"Z[ngx(x, yl)l]f[l o (x,)l  (3:28)

..... Un Xp s Xy, T leT
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where we have used that SdPT(t) = 1. Regarding the sum over 7, it is
empty if n=1. If n> 1 the number of anchored trees with d; lines branch-
ing from the vertex v; can be bounded, by using Caley’s formula, by

(s, =2)!

P, |4 |P, | 3.29
Ry v IR e (3.29)

hence the number of addenda in Y ; is bounded by n! C. Finally T and the
U, x,, form a tree connecting all points, so that using that the propagator
is massive and that the interactions are short ranged X, . >7X
[TTrer 18,04 —¥)I1 T Ios(x,) < C3 |41 M2, where i is the number of
coupling O(A).

Let us consider the case |I~’,,0| > 4. Note that if to v; are associated only
terms from ¥°(y, y), then 7i=n. The same bound holds for M large
enough, if there are v, associated with Q,; in fact such terms are vanishing
as M — oo (one has in the bounds an extra M~ for any of such v, for
dimensional reasons). Let us consider now the case in which there are end-
points associated to Q(y, x), which have O(1) coupling; there are at most
|13,,0| end-points associated with Q(i, y). In fact in Q(y, y) there are only
terms of the form Yy, so at most the number of them is equal to the
number of y fields. If we call n; <7 the number of vertices quartic in the
fields it is clear that n, > max{1, |13v0 |/2—1}; hence

YK () S M2 Y, CFHPal |3 3]stz Pl 412 (3.30)
=1

Xvo

and (3.10) holds for |13,,0| >4 (in the r.h.s. of (3.30) the sum over the
number of v, to which are associated quadratic monomials with coupling
O(4) is already done).

Consider now the case |I~’U0| = 2; in this case there are terms A inde-
pendent, obtained when to all the v; are associated with elements of
O, x). It is convenient to include all such terms in the free measure, as
they cannot be considered as perturbations (they are not O(1)). Instead of
computing all such terms, we can proceed in a more rapid way by noting
that

[ Pa@w) = [ Pay) [ Pdy) e2¥» (3.31)
and, if (X, = [ P(dy) X, it holds

¥y 0 =3 KWL+ DY =i P) Do = PP Do (3:32)
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as (Y DY@y = 0if A =0 (the two systems are decoupled). In the same way
W5 00 =3 KL +WPDVPP =i D)o = PP, (3.33)
and finally
¥y 100 =5 KWL+ PGP =i D)o = YLD (3.34)

Note that {3y, are the Ising correlation computed in refs. 19 and 21
where is found that

WOy =1 T < ® (3.35)
<‘/7§(a)‘p§“)>0 = Z A ¢, 2(k) (3.36)
<‘/’§:‘)‘;§©>0 Z A c1,2(k) (3.37)

k

where
A=2t(1—1>)(2—cos ky—cos k) + (t+14./2)> (t—/2+1)>  (3.38)
and
c;,1(k) =§ [(2t+2 ﬁ t)(sin k, cos k—1i sin k cos k)
+(2/243+1%)(sin ky—i sin k)] (3.39)
¢32(K) =§ [(2+2 /2 £)(sin ky cos k—i sin k cos k)
+(2/24341>)(—sin ky —i sin k)] (3.40)
c12(k) = —c; ,(k) = _71 [(24/2 12 +4¢%) cos k cos k,

+ (P42t /24 1)(cos k+cos k) —2—2./2+27]  (3.41)

Note that

Cy, 1 (k) 02,2(k) _Cl,z(k) G, 1 (k)

40 —(t+14/2)*= f(k)

where f(k) = O(k?) and with bounded derivatives.
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4. RENORMALIZATION GROUP FOR LIGHT FERMIONS

4.1. Multiscale Analysis

We start considering Z5; — ~ ~ in the sum (2.22), written as in (3.8). We
introduce a scaling parameter y > 1 and a positive function y(k) € C* such
that

1 if [kl <tao/7,

x(K) = x(=k) = {0 it k> a (4.1)

where

|k| = \/sin k +sin k? . 4.2)

We define also, for any integer 4 < 0,

fi(K) = x(y~"K) — x(y " 'K); (4.3)

we have, for any 4,, <O,

x®= 3 fik)+x(y"vk). (4.4)

h=hy+1

Note that, if £<0, f,(k) =0 for k| <z,y"" or |k| > t,9"*!, and f,(k) =1,
if |k| = #,y". Therefore

[1) =0 Vh<hy =min{h: 1,)"' > /2 (xM )}, 4.5)

and

1= 3 fik)  fi=1-xX). (4.6)

h=hy

We define a sequence of effective potentials v"® () defined iteratively
in the following way; assuming that we have integrated the scales A=1,
0,-1,-2,.., h+1

_M? (B (<hy_ r2
e = [ Py () e A0 0, @)
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where

PZh, my, Cpy (dlp(s h))

= IT 11

kC, k>0 @=%1

1 T(< T(<h)—
ep{-n TGNz, T RDTEDIED ) 68

kC; ') >0 w0 =%1

Gx)= ) fik), 4.9)

j=hy

A" dpise”
(k)

and the 2 x 2 matrix 7, (k") is given by
1 <Z(i sin k+sin k) + £, (k) Z;,* —imy_(K)+ f1.,(k) Z" )
Co+ fo,0(k) imy,_(K)+ f2,1(k) Z;1 Z(i sin k—sin k) + f5 » (k) Z;l
(4.10)

with m, = Cy(t—1,) and C,, Z defined in Theorem 2.
Finally ¥"® is given by

y Oy = i Z*:

aaiwgfgainrlgg,(g(xlrﬂa XZn) (411)
1

4.2. The Localization Operator
We define an £ operation, for 2 < 0, in the following way:

(1) If2n=4, then

fo@,@(kl, kz, k3) = Wn(th)g@(l-{++a l-(++: l-{++)’ (4-12)
where
- T 7
K, =<’7H”7 M)‘ (4.13)

(2) If2n=2then

) 1
LWL 0)=7

- — L . .
. +W§"’3_,,,9(k,,,7r)<17;sm k+17'§sm k0>] 4.14)
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(3) In all the other cases
gWZna’w(kla"" an—1)=0' (415)
By (4.12) the operator & satisfies the relation 2% = 0.

Remark. First note that in the limit M — oo (4.14) becomes simply

LWy oK) =W, o(0)+ koD W, o (0)+KOIW ) (0], (4.16)

2,0, 2,00 2,0, 2,00

hence gng')a,w(k) has to be understood as a discrete version of the Taylor
expansion up to order 1. Moreover the localization operator acting on the
effective potential in the x-space representation can be seen as an operator
on monomials of Grassmann variables; for instance (4.12) implies in the

x-space representation, in the M — oo limit

4
¥ Z ]‘[n//<<">_ffWg">(x1,...,x4)=Wgh>(o,0,0)1‘[¢<<h>éf 4.17)

X, Wj X1, @;
..... x4 i=1 i=1
where the r.h.s. of the above equation is always vanishing unless
fo s s a permutation of Y ST Y STy STy SPT 1 hence £ acts
on a quartic monomial producing a local expression. Analogous consider-
ations can be done for n=1.

4.3. We have, before continuing, to exploit the consequences of some
symmetries. There are no local terms of the form ¥/, ¥ ; such local terms

can be written as Y’y @, but the model is invariant under the transfor-
mation

lP(l) ‘//(1) (1) (1)_, lp(l) lp(l) _ (1) _Z(l)
W(Z)’ lp(2) X(Z) X(Z)_,lpa) ‘//(2) (2) (2)

hence such terms cannot be present as they violate such symmetry.
There are no local terms of the form v, . W_,, or y{ X , (or

lpl,xalpfl,x’ txawtl,x); in faCt’
Vi = WOV —y PP +ip O + iy PYPT (419)

and the last two terms violates the symmetry (4.18); moreover the first
two terms are odd in the exchange (1), (2) - (2), (1) and the model is
invariant in the exchange (1), (2) — (2), (1). Moreover the model is
invariant under complex conjugation and the exchange

2SN AR R D S S SR (4.20)

(4.18)
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this follows from the fact that, from (2.31), H®, H® V® V®_ written in
terms of Y@, Yy @, 7@, @ are invariant under such transformation. Hence
the coefficient of the local part of the quartic (non vanishing) terms is
real; in fact w(0,0,0) Y W1 W) Y1 =(0,0,0) Yy YL yYyPYd must
be equal, by the above invariance, to w*(0,0,0) yPyPyYy@ P, hence
(0, 0, 0) =1w*(0, 0, 0). Finally the combination of local terms ¥ ¢ _; +
Yt W5, is equal to F[YPyYP —y@YP] so it cannot be present as it
violates the symmetry (4.18). On the other hand ¥ ¢y _, —¥ _ ¥, is
equal to J[YPYL +yPPP]; hence the coefficient of the local part is
imaginary; in fact w(0)[y "L +y Py@ 1 must be equal to w*(0)[yy Py
+y Py @1, by the invariance under complex conjugation and (4.20), hence
#(0) = —*(0).

4.4. By (4.12), (4.14), (4.15) and the symmetry relations in Section 4.3,
we can write ¥ ® in the following way:

LV OWYED) = (s, +y"n,) F&EP —1,FE +2, FSP 4o, F&<P

2 2
DD S oE D WD ISP 2 (4.21)
i=1 o i=1 o

i=

where, if |Al, V| <&, 2 015201 = 0(), s, =0(e), I, =2Asech’ J(a+b)+
0(&?), v, =v+0(¢) and

|
N
K
Il

Y USSR TS S 0k, — K, +ks —Ky),

kg€ Dy

1 ) A A
S = Y isink PSP,
ke 2y

51
A
S

|

4.22)

F§<h) Z w sin kolpfa?)ﬂpl(fap_’

€9y

:Mk

- 1 A o
Fet=or ¥ FOOEDTIER
ke 9y

Fel= % fPUSTD™,

ke 2y
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with f, =sin k and f, =sin k,. The constants »,, s, [,, z,, a, are real. At
the end of our iterative construction it will appear that it is possible to
write (see Remark 1 in Section 4.9)

W =W+ Wi, (4.23)

with W5® , vanishing if at least one m, =0, for 1 >k>h+1, and W52,

2,0,0

the rest; we define

1
Sp = 5(0, - I:Z z g(ll;) w(km] ) i| yhnh = 5«1, —-w I:Z Z g(};) w(krm ) i|
' =%1 =%l
(4.24)
In the same way we include in >;_, >, z; , ,F<" all the terms not in
2, F&" 4+ 0, F" with z,, a, real.

We renormalize the free integration P, ,, . (dy<”) by adding to it
part of the r.h.s. of (4.21). We get

_ () (<h)
szh,mh,ch(dlﬁ(sh))e v O /zZ, y &P
7~ (h) (<h)
=e_LﬁthJ‘ch—l:mh—l,ch(dlp(Sh)) e 7y ), (4.25)

where Py, . . o (dyS") is obtained from P,,_,, c, (dy<") by substituting
Z, with

Z,_1(K) = Z,[1+C;' (k) Z7(Co + f0,0(K)) 2] (4.26)

and m, (k) with

Z,
my_ (k) = m[mh(kHCh (K)(Co + fo,0(K)) 5415 (4.27)

moreover ¥ W=y ®_Z,qF<N -7,z (F&EP+FSP). We will call
m,;,(0) = m,,. The r.h.s of (4.25) can be written as

e™ thf Zy—1,mp_1, Ch— 1(d¢(<h71))

g (h) (<h)
X [ Pry st (@) 7 VS, .28)
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where the factor exp(—M?,) in (4.25) takes into account the different
normalization of the two integrations and

Ci'(k)  Cili(k)
Z, (k) Zy

Zo 1 = 2,14 G212y, fh(k)=zh_1[ ] (4.29)

Note that f,(k) has the same support of f,(k). The single scale propagator
is

)
W+ _ gEu,)w’(X_y)
) ——— 9

[ Por i @) Y8 w2, (430)
h—1>Mh—15J p > > Zh_l
where
1 . ~
g (x=¥) =25 ¥, e T 0LT5 (10 ]y, “31)
k

and T';' (k) is the inverse of the 7 (k) defined in (4.10). The large distance
behaviour of g, (x—y) is given by, if |z,| <3 and sup;, |%| < e given

the positive integers N, n,, #, and putting n = n, +n,, and the constant Cy ,

h+n

4

|07 0% g0 (X =Y)| < Cy. (4.32)
° ’ P14+ " d(x—y)DY
0707 g9, (X~ V)| < o |1 r 433)
o fore T+ G A=)
where 0, denotes the discrete derivative. It will be useful to write
g5, (x—y) =800 o (X=Y) + 85, (x—¥) + 850, (x—Y) (4.34)
with
1 , C, (k)
B (x—y)=—s Y e ROV OIS , 4.35
8zi0,0(X~Y) M2Zk: —Zwsink,+iZsink (4.35)
obeying to the bound (4.32) while
3h4n
0200782, (x—y)| < C - (4.36)
ol foe TGP A=y
A m, [? yhr
10205 85, (x—=VI < Cw.n | . (4.37)
‘ ’ B 1+ G A —y)DY
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Moreover

g0 ,(x—y) =80 _,(x=y)+87_,(x—-y) (4.38)
with

1 . —iCymy (K)
"(h)_ X — __ e—lk(x—y) k _ ~0 h 439
go-0(X=Y) Mzzk: i )22 sin? k, + Z? sin k*+m} (k) (4.39)
verifying (4.33) and g%__ (x—y) verifying (4.36).

We now rescale the field so that
VIS Z, Yy SP) = V(S Zyy Y =P; (4.40)

it follows that

3’"/7(}')(!//) - yhth(sh) +9, F(sh) + 4, F(sh)

+ Z N G o nFSP + Z Z & o S, (4.41)

i=1 o
where
Z, Z, Z, \?
= o, = — Ay = ) 4.42
Vi Z, n, h Z, (ay,—z), h <Zh—1> h> ( )

Z Z
a‘nd thh Zhhlzzwha Czwh zhh1 i,w,h* We call vh_(ih’ 5}15 Ulwclwh’
Ui w ¢ 0 ») and the set of (v,, m,, n,) are called running coupling constants.
If we now define

0/, S D) - LpE,

_p® (<h)y
= f Py oy, 7 (A ®) e T WEVED, (4.43)
it is easy to see that " #~V(,/Z,_, Y<"~V) is of the form (4.11) and that

Eh*l =Eh+th +Eh' (4.44)

It is sufficient to use the well known identity

M?E,+7" /2, <)
|
= X i GO O 2y ), (4.45)
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where &7 denotes the truncated expectation of order n with propagator
Z;' g™ . see (4.30), and observe that i/ (<" = y/(Sh=D py®

w, o'

Let us define

=inf{h: 0> h>hy, agy™ ' > 4 |my|, Vh: 0 > h > h}. (4.46)
Of course this definition is meaningful only for m, such that |m,| < 4

The 1ntegrat10n of the scales from A* to A, will be performed na
single step.” This follows from the following result

45 Lemma Assume that 4* is finite uniformly in M, so that

[P _ | > i, for a suitable constant < and define
gy ’(X y)

L = [ Po e e @S YD (44T)
n*—

Then, given the positive integers N, ny, n;, and putting » = n,+n,, there
exist a constant Cy , such that

B +n

14
N,n * .
1+ (" ld(x—y)D"Y

|67 07 g (S0 (x; ¥)| <

[

(4.48)

4.6. Remark. Let us now explain the main motivations of the inte-
gration procedure discussed above. In a Renormalization Group frame-
work one has to identify the relevant, marginal and irrelevant effective
interactions. By a power counting argument one sees that the terms bilinear
in the fields are relevant, and the terms quartic in the fields or quadratic
with a derivated (in the x space) field are marginal. As it was shown in
Section 4.3, there is only one kind of relevant term, and this is a rather
crucial point. The Renormalization Group flow of the relevant terms can
be controlled by the introduction of a counterterm; as we have at our dis-
posal only one counterterm, it is important to have only one kind of rele-
vant effective interactions. The unique relevant effective interaction has the
form ¥ ¥ 1 —¥7 _ 1y, which can be interpreted as a mass term in a
fermionic quantum field theory like the Thirring model. There is however
an important difference: in fermionic models coming from QFT if there is
no mass term in the formal free action then no mass terms are generated by
Renormalization Group iterations, in absence of spontaneous symmetry
breaking; the reason is that such models are invariant under the local gauge
transformation Y5 , — e™y5 , if there is no mass term in the formal free
action. In our model this is not true, as the interaction is not invariant
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under this symmetry; hence even if ¢t =1¢, (or m; =0) a mass term can be
generated in the RG iterations. Hence we collect all the relevant terms
which are vanishing if m, =0, 1 > k> h+1, in s;,, which we include in the
fermionic free integration; the ‘“mass” has a non trivial flow producing at
the end the critical index of the correlation length. The remaining terms are
left in the effective interaction; they are constituting the running coupling
constant v, (in a gauge invariant theory v, = 0) whose flow is controlled by
a suitable choice of the counterterm v; the running coupling constant v,
takes into account the renormalization of the critical temperature. The
running coupling constant v, are dimensionally marginal; again the
C. o1 (i cotrespond to effective interactions which are absent from the
free action, but which could be possibly generated by the RG iterations,
and they would be absent in a QFT fermionic model. Finally, due to the
mass gap, the propagator of the integration of all the scales between 4* and
h,, has the same bound as the propagator of the integration of a single
scale greater than 4*; this property is used to perform the integration of all
the scales < 4* in a single step.

4.7. Theorem 3. Let 2> h*> 0 and, for some constants c,, if

mhr Zhr

my_,

2
<e™, sup <e (449

W >h

max [|v | +[ve|]1 <&, sup
k=h W>h

H—1

there exists a constant & (depending on ¢,) such that, if ¢, <&, then, for a
suitable constant ¢,, independent of ¢;, as well as of M, the kernels in
(4.11) verify

Y P (Xyens X)) < My PePi) (g, ) mex =D (4.50)

where
Dy(P,)=—2+n+k. 4.51)

and k=Y, «,.

4.8. Proof. We write ¥"® in terms of a tree expansion, similar to
that described, for example, in ref. 18 (see Fig. 7).
We need some definitions and notations.

(1) Let us consider the family of all trees which can be constructed
by joining a point r, the root, with an ordered set of n>1 points, the
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v<//< .
r| v 1

0 \ 3
\\\S:

Ao htl By 0 1 +2

Fig. 7. A tree with its scale labels.

endpoints of the unlabeled tree, so that r is not a branching point. n will be
called the order of the unlabeled tree and the branching points will be
called the non trivial vertices. The unlabeled trees are partially ordered from
the root to the endpoints in the natural way; we shall use the symbol < to
denote the partial order. Two unlabeled trees are identified if they can be
superposed by a suitable continuous deformation, so that the endpoints
with the same index coincide. It is then easy to see that the number of
unlabeled trees with » end-points is bounded by 4”. We shall consider also
the labeled trees (to be called simply trees in the following); they are defined
by associating some labels with the unlabeled trees, as explained in the
following items.

(2) We associate a label 4 <0 with the root and we denote 7, , the
corresponding set of labeled trees with n endpoints. Moreover, we intro-
duce a family of vertical lines, labeled by an an integer taking values in
[A, 2], and we represent any tree 7 € J, , so that, if v is an endpoint or a
non trivial vertex, it is contained in a vertical line with index 4, > &, to be
called the scale of v, while the root is on the line with index 4. There is the
constraint that, if v is an endpoint, 4, > A+ 1; if there is only one end-point
its scale must be equal to £+2, for A< 0.

The tree will intersect in general the vertical lines in set of points dif-
ferent from the root, the endpoints and the non trivial vertices; these points
will be called trivial vertices. The set of the vertices of 7 will be the union of
the endpoints, the trivial vertices and the non trivial vertices. Note that, if
v; and v, are two vertices and v; < v,, then &, <h,,.

Moreover, there is only one vertex immediately following the root,
which will be denoted v, and can not be an endpoint; its scale is z+ 1.

(3) With each endpoint v of scale 4, = +2 we associate one of the
contributions to ¥"® given by (3.9); with each endpoint v of scale 4, < 1
one of the terms in £V ®* -1 defined in (4.41). Moreover, we impose the
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constraint that, if v is an endpoint and 4, <1, h, = h, +1, if v’ is the non
trivial vertex immediately preceding v.

(4) If vis not an endpoint, the cluster L, with frequency 4, is the set
of endpoints following the vertex v; if v is an endpoint, it is itself a (¢rivial)
cluster. The tree provides an organization of endpoints into a hierarchy of
clusters.

(5) We introduce a field label f to distinguish the field variables
appearing in the terms associated with the endpoints as in item 3; the set of
field labels associated with the endpoint v will be called I,. Analogously, if
v is not an endpoint, we shall call 7, the set of field labels associated with
the endpoints following the vertex v; x(f), &(f) and w( f) will denote the
space-time point, the ¢ index and the w index, respectively, of the field
variable with label f.

If 7 < 0, the effective potential can be written in the following way:

V(S ZY S+ ME,, =Y Y VO, /Z,y ), (4.52)

n=1 teJ,

where, if v, is the first vertex of 7 and 1,,..., 7, (s =,,) are the subtrees of 7
with root vy, ¥"?(t, \/Z, y<?) is defined inductively by the relation

A VALD)

_1 s+1 _ B
S e VA S CRVEATE |
S
(4.53)

and 17(h+1)(ri9 /Zh l//(<h+1))

(a) is equal to Z¥ **V(z,,/Z, y<""V) if the subtree 7, is not
trivial;

(b) if z; is trivial and A< —1, it is equal to one of the terms in

Py MO/ Z, pS"Y) or, if h=0, to one of the terms contributing to
"Dy <) (3.9).

In (4.53) &, denotes the truncated expectation with respect to the
measure [ [, P(dy?*?). The r.h.s. of (4.53) can be written more explicitly
in the following way. Given 1 € J ,, there are n endpoints of scale 2 and
only another one vertex, v,, of scale 1; let us call v,,..., v, the endpoints. We
choose, in any set I, , a subset O, and we define P, = (J; Q,,. We have
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POy ) =3 7O, P,), (4.54)
Py,
VO, Py) = [ dx, <P K, (), (4.55)

Ky (%) ——gf WOPNQ, ) YP(P,NQ, )] n K?(x,),
=1 (4.56)

where we use the definitions § <"”(P,) = p, O"PYENAD)  and KP(x,,)
are the kernels in (3.9). We now write ¥~ (O) as 3“// O4 2y O, with Ly ©
defined as in (4.21), and we write for 27" © a decomposition similar to the
previous one, with 27 ©(z, P,)) in place of ¥ ©(z, P, ). By iterating the
previous procedure, one gets for ¥ #(z, y<"), for any 7 € 7, ,, the repre-
sentation described below (see refs. 11 and 18 for details).

We associate with any vertex v of the tree a subset P, of I, the external
fields of v. These subsets must satisfy various constraints. First of all, if v is
not an endpoint and v;,..., v, are the vertices immediately following it, then
P,c ), P,; if v is an endpoint, P, = I,. We shall denote Q,, the intersection
of P, and P ; this definition implies that P, = {J; Q,. The subsets P,\Q,,
whose union f will be made, by definition, of the internal fields of v, have
to be non empty, if s, > 1. Given 7 € 7, ,, there are many possible choices
of the subsets P,, v € 7, compatible with all the constraints; we shall denote
2. the family of all these choices and P the elements of Z.. We can write

VO, y Sy = Y (g, P). 4.57)

PeZ

v ® (7, P) can be represented as

VO, P)=/Z, " [ dx,, FEPP,) KD (x), (4.58)

with K"}V (x,,) defined inductively (recall that 4, = h+ 1) by the equation,
valid for any v € T which is not an endpoint,

1P,

K00 = (=)

x 81T\, ) Y W(P,NQ, )], (459)

|
H [K 0 (x,)]
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Moreover, if v is an endpoint, K®(x,) is defined as in (3.9) if A, =2,
otherwise

An,—10(X; —X5) 0(X, —X3) (X3 —X,) if v is of type 4,

h=ly _ O(x— if vis of type v,
K!()h”)(xv) _ Y hy—1 ( y) . . yp
Op,_10(x—Y) if v is of type J,
Chu—l,w,ié(x_y)’ Ehu—l,w,ié(x_y) ifvis Oftype z, z
(4.60)

If v; is not an endpoint,
K&D(x,) = 2K 00 (x,,), (4.61)

where 7; is the subtree of 7 starting from v and passing through v, (hence
with root the vertex immediately preceding v), P® are the restrictions to 7;
of P.

(4.57) is not the final form of our expansion, since we further decom-
pose ¥ ®(z, P), by using the representation of the truncated expectation
(3.21). If we apply the expansion (3.21) in each non trivial vertex of 7, we
get an expression of the form

VO P) =2, " Y [dx GPP)W B r(x,),  (462)

TeT

where T is a special family of graphs on the set of points x,, obtained by
putting together an anchored tree graph 7, for each non trivial vertex v.
Note that any graph T € T becomes a tree graph on x, , if one identifies all
the points in the sets x,, for any vertex v which is also an endpoint.

Taking into account the effect of the # operation we obtain (see
Section 3 of ref. 18 for a detailed proof of a similar formula)

. . 1
Wonax)= 3 | TS T o [dpace detGieree)
i=1 v v*

a€ Ar =
not e.p.
Z @
h 2
X _
1)
not e.p.
x[ [T 8%V 0% DL (x, —y,)® a™ge . (x,—y,)] ]}
leT,

(4.63)
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where “e.p.” is an abbreviation of “endpoint” and, together with the defi-
nitions used before, we are using the following ones:

(1) Ay is a set of indices which allows to distinguish the different
terms produced by the non trivial # operations and the iterative decompo-
sition of the zeros;

(2) vi,..., v, are the endpoints of 7 and &, = h,*;
(3) b,(), q.,(f7)and q,(f;) are positive integers < 3; =1,

(4) if v is a non trivial vertex (so that s, > 1),the elements sz iy of
G" " (t,) are of the form

Glifiy = 1, 02D GUIIDGTIDGMIOZE o (xy—¥iy )i (4.64)
if v is trivial, 7, is empty and | dP; (t,) det Gi~"(t,) has to be interpreted
as 1, if |£| =0 (F is the set of internal fields of v), otherwise it is the
determinant of a matrix of the form (4.64) with ¢, , = 1.

It would be very difficult to give a precise description of the various
contributions to the sum over 4;, but fortunately we only need to know
some very general properties, in particular that |4,| < C” for some constant
C and that for any o € A, the following inequality is satisfied

[ 11 yhm(mm(f)][n y—hm<1>ba(l)}< T 7=, (4.65)

felyo leT vnot e.p.

where h,(f)=h, —1if f € P, , otherwise it is the scale of the vertex where

vy ?

the field with label f is contracted; 4,(/) = A,, if l € T, and

1 if |P|=4,
zZ(P) =12 if |P|=2, (4.66)
0 otherwise.

By a standard computation (see, for instance, Section 3 of ref. 18) by
bounding the determinant by the Gram-Hadamard inequality (see (3.23))
we obtain

[ dx,, W, b 2(x,)| < CM ey

12|

I L osmomg-w (L R Y
Sy 5! Zy,

vnote.p.
(4.67)



Non-Universality in Ising Models with Four Spin Interaction 247
with —2+4+2 |+z(P )>0. In order to perform the sums note that the
number of unlabeled trees is < 4”; fixed an unlabeled tree, the number of
terms in the sum over the various labels of the tree is bounded by C”,
except the sums over the scale labels. In order to bound the sums over the
scale labels and P we first use the inequality

1_[ y—[ 2+ +z(P )] < |:l_[ V—sz(h~—h )]|: 1_[ y—2m|PU|i|’ (468)

vnote.p. vnote.p.

where ¥ are the non trivial vertices, and 7’ is the non trivial vertex immedi-
ately preceding # or the root. The factors y 2"~ in the r.h.s. of (4.68)
allow to bound the sums over the scale labels by C”; a is a suitable constant
(one finds a = J5).

Finally the sum over P can be bounded by using the following com-
binatorial inequality, trivial for y large enough. Let {p,,vet} a set of
integers such that p, <3, p,, for all v € t which are not endpoints; then

[1 Yye<cn (4.69)

vnote.p. p,

It follows that

17,

Z [T ro< [l Srs< (4.70)

vnot e.p. vnote.p. p,
|P, | 2m

4.9. Remark 1. The decomposition in (4.23) respects the determi-
nant structure of the truncated expectations, as we can decompose the
propagators as in (4.34), (4.38), obtaining, for any tree with » end-points,
a family of C” different contributions to W, which can be bounded as
before. Hence we can include in W@ the terms with at least a propagator
8%_,, defined in (4.39).

Remark 2. If the tree 7 has an end-point on scale k, the bound
(4.50) can be improved by a factor y**~9 as it follows immediately from
(4.68). In particular if to an end-point is associated a term 2V () there is an
extra factor yp**; this is a short memory property.

4.10. The above results were proved for Z5; ™ ~; a similar analysis
can be repeated for ZZ, ¢ "*”¢” for any value of 8(1) eM, @ &P The
only difference is that one has in add1t1on the function @, in the interaction
and the oscillating functions e’ *. One can split ¥"! in a part identical to
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the one for Z_ _ _ _, called ¥, and the rest; hence we repeat the multi-
scale analysis by writing ¥"® = ¥ ® 4 y”® with ¥’® given by a sum of
trees with at least an end-point associated to ¥ — ¥ ®; we define the
localization operators acting non trivially only on ¥ ® (and defined as
above). It is easy to see that the terms from trees with at least one end-
point associated to ¥ — ¥ are vanishing in the limhit M — o0; in fact the
bounds for such terms is improved by the factor =, by simply dlmen-
sional considerations, and we will see in the following section that y~™ is a
finite number independent from M, hence such terms are vanishing in the
limit M — oo.

5. THE FLOW OF THE RUNNING COUPLING CONSTANTS

5.1. By the analysis of the preceding section it follows that the
running coupling constants v, v,, m,, 1 = k> h*, verify a set of recursive
equations called Beta function equations, of the form

Vi1 = P+ Br (Vs Viseos 01, V)

Un_1 = O+ Br(0p, Visees g, V1)

my,_
it 1+ B (03, Visoos 01, V1) D
my,

Z,

-1 h

—— =14 60(v, V5 0y, V
Zh ﬂ ( h> Vh 1 1)
By repeating the analysis for proving Theorem 3 to the functions f” we
have that, if (4.49) holds, then the B” are expressed by convergent series.
We want to show that there exists a positive constant a; such that, if

|t—1,| > e w7, it is possible to find a function v, (hence a function v) so that
(4.49) holds (if 1 is small enough). Iterating the first of (5.1) we find

1
Vp = )’_hH [vl + Z yk_zﬁlvc(vka"'a vO) ]a (52)

k=h+1
where now the functions 8 are thought as functions of v,..., v, only.

If we put 4= A" in (5.2), we get the following identity:

1
vh* = 77" ! [vl + z ykizﬂl\f(vka'--a vO) ]9 (53)

k=h"+1
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and we look for a v, verifying

1
- z yk_zﬂ];(vk""’ vl)' (54)
k=h*+1

so that

h
ve=—y" Y YB v m),  B*<h<1. (5.5

k=h"+1

Let be 7= {7, /* <h <1} and ||V = sup;*<,<; [4]; we call M the set
of ¥ with bounded norm. We decouple the beta function equations (5.1)
imagining that in the last three equations of (5.1) v, is replaced by ¥, acting
as a parameter; we call m,(V), v, (7) the solution of the second and third of
(5.1) as functions of the parameter ¥. We shall prove the following lemma.

5.2. Lemma. There exists ¢ and a; such that, for |t—t,|>enz,
|[A| <& and any ¥ such that |7, |[7'|| <C, |A|, it holds, if m, =|t—¢,| and
C, C, are constants

A
)=l <2 )= < € A max 17—
/1 N -, .
<2 15,0) 0,1 < C il max 5~
1w n ()] < IZo,w,hI A 1w s (P)=C w4 < C |2 max |7, — 7]
k>h

1o s D<o ol 1A 104 (P) =G0 n (7] < C 1A MaX {7 7]

my,(V
|| ye124 < mmy, (V)] < [mg| pe2ht h(~,) — 1| <max [7,— 7| 2]
m, (V') k>h
—03a4l%h< 7 ‘~) < —C4a4l%h <maX b ‘7’
yoedih < |z, < P | < max =7

(5.6)

with a,, a,, ¢, ¢,, ¢c5, ¢, positive constants.

Remark. An obvious corollary of the above statement is that there
exits a finite (uniformly in M) h* such that m,*_»" ~! > k for a suitable
constant x.
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5.3. Proof. The proof is done by induction. By iterating the second
equation of (5.1) we find

Ao (V) =4y = z ﬂi(vh(v) Vysees 01(9), 91) (5.7

and by induction

BE 033, Ty 013, ) < C [wm% ";’—:'H%y“”]. (5.8)

The first addend of the r.h.s. of (5.8) is a bound on the terms containing
only propagators g (x—y), see (4.35), and trees with end-points v with
h, <1, and the bound follows from the fact that the second order terms
cancels out. The second addend is a bound on the terms containing at least
a propagator gg‘l) o, (X—Y) (4.39), (4.37) (the bound follows from the short
memory property and (4.33), (4.37)). The third addend is a bound on the
sum of terms with at least a propagator gﬁfl) o, (X—Y) or from trees with at

least an end-point v with A, = 2, and we have used (4.36).
Inserting (5.8) in (5.7) we get

~ 3 2 0 |mk| ak Mll
[Apo1 (D) = A < Cy | || |4 P+ A7 Z ?4‘)’ <T (5.9

k=h

for a, large enough and / small enough, where we have used that 39 _, %

is bounded (by induction and the definition of 4*).

Moreover the expansion for A;,_;(¥)—4,_,;(7') is given by a sum of
terms similar to the ones for A, ,(¥) in which a v, is replaced by
() —v(7") bounded by CA*> max;. , [V, —¥}| or my or Z, replaced by the
relative difference; one finds, for a, large and A small enough

a2 < € [P [ | ma -7

< C |A| max |7, — 7}, (5.10)
k>h

where the first term is a bound on the terms containing only propagators
g® (x—y), and trees with end-points v with A, <1, containing at least
a v (V) —v,(¥") or a ¥, —¥}, (note also that the first term with end-point v
is A7v2). A similar analysis can be repeated for J,.

The recursive equation for ; ,, , is

Conr ) =G o s+ 8, o 1(Ahaz+ B.)+ RY (5.11)
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with |8 < C; |A]® and |R!| < C,[y™ +""h'] A2 In A2(a, + B.) in (5.11) are the
contributions from terms with only d1agona1 propagators g(") (x) and from
trees with endpoints v with %, < 1; there is necessarily at least a vertex . In
fact assume that a contribution has n; end-points of type A and »n end-
points of type v; there are then n, —;+% propagators w =1 and n,l—%-l-%
propagators w = —1, so that n must be odd; the total number of propaga-
tors 2n;, — 1 +n is an even number; the derivated integrand is odd under the
exchange k » —k and so it is vanishing. Moreover there is no contribution
of order 1,Z, (they corresponds to tadpole graphs , whose derivative is
zero). In RY are the trees with at least an end point v with A, = 2, or with a
propagator §% . or with a propagator %, . It holds by iterating, for a,

w1, W

large and A small enough, |C, o1l <1Zi 0.0l +[4]. Moreover

0
Crasr =G 0O < € max e —sid [P 12 %, [ 28]

< C |2 max |9, —¥}] (5.12)
j>h

Similar computations can be repeated for {; ,, ;.

By definition (see (4.23)) m,_, (V) is given by a sum over terms with at
least a non diagonal propagator §%__ (x—y), hence

my,_y (V)

m;, (V)

=1+ Ay(=a, +h,) (5.13)

where a, > 0 is a constant and |4,,| < C |1,]; then (assuming A, > 0; similar
computations can be repeated for A, < 0), for 4 small enough

( > 2/1> "rn’;hégl)|<<1—%a2/11> (5.14)

Then
Iy (D) 2 |mg| p>o4 @D (y—”) > |my| p?20=D (5.15)

and
Iy (9] < | 3 21 >(fa“ <lmol 24D (5.16)

I



252 Mastropietro

Finally, for a, large enough

mh—l(v)_l‘ ]._[k h(1+ﬂm(v)) ]._[k h(1+ﬁm( )
my,_ (V") Hk h(1+,8k(‘7'))

< C, log f max [u,(9) — v (D)
o<k<h
<max |7, =7, |47 (5.17)
j>h

Finally the last of (5.6) are found in a similar way, noting that
20 — 1 4 22(a, +h,), with |h,| < C|4,].

Zy()

5.4. Lemma. There exists ¢, a; and C, such that, for |t—7,| > exnz
and |4] < ¢, there exists a v;(4) so that max, ,* [v.| < C,|Al.

Proof. 1t is sufficient to look for a fixed point for the operator
T: M - M, and T is defined in the following way, if 7' = T(¥), see (5.5):

h
Vo=—=y" Y Y IB(0(D), Viseons Vo (F), T), h*<h<l1. (5.18)
k=h*+1

We want to prove that it is possible to choose the constant C, > 1 in
Lemma 5.2 so that, if || is small enough, the set # = {¥ e M: ||| < C, |A|}
is invariant under T and T is a contraction on it. This is sufficient to prove
the lemma, since M is a Banach space, as one can easily show.

By (5.18) and Theorem 3

Z yhHi- ‘[Clv I/1|+Z c" A" ] (5.19)

]h+1

where C, , is a constant depending on the first order contribution (i.e., the
tadpole). So, for a proper C,, |V'|| < C, |A].

We then show that T is a contraction on &#. In fact, given ¥,, ¥, € &,
by using Theorem 3 and Lemma (5.2), we see that, for 4 small enough

h

‘7’1,h_‘7’2,h = _V_h Z Vk_l [Bi (v (7)), Ve 15 01(F1), V1 1)

k=h*+1

— B (v (7), Vi, 250005 01 (%), ‘71,2)] (5.20)
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and

h
Fra=thal <G [ % || 8 0 max =5, |

k=h*+1

< G A9 =Wl
with C,;, C, constants, so that T is a contraction.

5.5. If a =5 =0 one has the case treated in ref. 19, corresponding to
two independent Ising models with a quartic or a next to nearest neighbor
interaction. In such a case the local part of the quartic terms is vanishing
by Pauli principle, so that if |P,| =4 one can apply “freely” a first order
renormalization obtaining an additional y~®~*) for any v such that
|P,| =4, in the bounds. At each step one can include all the quadratic
running coupling constants in the free integrations; their beta function is
Cno1=Cn+0@y™A) and {; ,_; =, ,+O(y™2), as the beta function is sum
over all the trees with end-points necessarily at scale 4, = 2 (contrary to our
case, as the local part of the quartic terms is vanishing, and there are no
end-points associated to the quadratic terms as they are included in the free
integration). Hence all the quadratic couplings are O(4) and they do not
change the scaling properties of the propagator on a single scale; the quali-
tative behaviour of C, for A =0 or 4 # 0 are then the same for temperatures
up tot,.

6. CORRELATION FUNCTIONS

6.1. Flow of Observables

We consider the following functional integral
7@ =Jp(dlp) e? WA (6.1)
where 7" given by (3.8) and & = #' + #* with

BOW, §) = [ dx §OCOIVE Y+ i 1] 62)

BOW, §) = [ dx $PCOIVL YL+ ¥ ] 63)
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After integrating the fields yV,..., y**D 0> h > h* we find

e —LBE,+8"*D, <h
@ — o—LBEN+ («s)f o (A <"
x e~ "WZv S+ 3Pz v S, ) (6.4)

where P, . ¢, (dy<”) and ¥"" are given by (4.8) and (4.11), respectively,
while S”*V (¢), which denotes the sum over all the terms dependent on ¢
but independent of the y field, and Z"(<?, ¢), which denotes the sum
over all the terms containing at least one ¢ field and two  fields, can be
represented in the form

SU(g) = i [ dx,--ax, S§:+l>(x1,...,xm)[ﬁ ¢(°‘f)(xi)] (6.5)

BOYD, G =T Y X [dxdx, dy, oy,

m=1 n=1 o,0
B(h)2nam(xl9 o X5 yla 3y2n)|:1_[ ¢(%)(X):||:H l//§',<(}:)),gl :|
(6.6)
Since the field ¢ is equivalent, from the point of view of dimensional
considerations, to two  fields, the only terms in the r.h.s. of (6.6) which

are not irrelevant are those with m =1 and n = 1, which are marginal. The
localization % is defined equal to zero except in the following cases

2 [dxdy dz W' ,(x;y, 2) §O() V5. 05

= [axdy dz W' ,(x; v, 2) $ () 215

6.7)
& [dxdy dzW} (% ¥, 2) §O() Y7, 937
= [axdy dz W} ,(x; v, 2) $P() ¥ W37
Hence
zp
g(h)(l/,(dl) ¢) F(<h)+ F(sh) (6.8)

Zh ’
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where Z{" and Z{? are real numbers, such that Z{’ = Z{» =1 and
<h) _ 1 W+ g (<h)— o (Sh)— 7 (<h
F=0 = [ ax g0 wEh +y &P uEh L,

FED = [dx OIS yEh +y Py
By using the notation of the preceding sections

M2 <h QTN SN (OT AN
e [ Py, |y (PP e AV AN/ EY

oM <h-1
thf Zy_1,mp_1,Ch_ l(dl/I( ))
NP O SN i ST
'szh,l,mh,l,f;‘(d'P( AR A S VR TALD)

where "Dy <", ¢) and S?(¢) are then defined by

ez S D)+ 8 Y2 v S, 6~ LpE +8 P 9)

- j P, 1 (dy®) o7 Wz WS+ 802 WP, 9
h—1Mp—1, S p .

The definitions (6.8) easily imply that

zZo, Zo zZo, Z(z)
Z Z, [1+a4,+h] 7, [ —aj Ay t+h]

with || < CA?% i =1, 2; proceeding as in the proof of Lemma 5.2

VAS zy
—A1eqh h —Aesh Arerh h Arerh
y <—=—<y y <——<pyh
zZ, Z,

255

(6.9)

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

The fields of scale between 4* and A, , are integrated in a single step,

and it follows that

S(@) = —LpEL ;+8"(@) = —LPEL,+ 3. S(4):

(6.15)
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As a ¢ fields is dimensionally analogous to two external fields, we get,
proceeding as in the proof of Theorem 3 (see also Section 5 of ref. 18 for a
detailed proof of similar bounds in a related case)

|—62 §® [ (1)} Co (6.16)
26D(x) 2 M(y) o S 2 TR ©
Gk ~ ZP P C
___ 9 s <y#| 2 Al 6.17
|a¢<2>(x) 560 boo 57 [Z} I+ da—yp? &
and if x, =X,y and ¢, = ¢;, ¢,
2*50(¢)
‘a¢(“1)(xl) 6¢(°‘2)(x2) a4’(LXS)(X3) $=0
3 Z(ui) C
hy4h h il 6.18
ST [H Z, ]1+(yh|d(x—y)|)N (6.18)
9*SV(¢)
‘a¢(a1)(xl) a¢(°‘2)(X2) 5¢(°‘3)(X3) a¢oc4 (X4) [l4=0
4z C
~2hy, 6h k N 6.19
ST [” Z, ]1+<yh|d(x—y)|)N (6.19)

6.2. Correlation Functions

The correlation function {¢¢®cPc’);, where x' = (x+1, x,) or
(x, xo+1) is given by

0

0
(@) () o (0) ;(2)
(oYoyayay’ >r = aJ("‘) aJ("‘)

log ZZI({JX % })|{Jx ot =17} (6.20)
If 0®(x) =0, 0%, ., each derivative produces a factor

0
sech® JH{H (), . +tanh J+6J—“// (6.21)

sx+1, x,
with ¥~ given by (2.25). We define, using (2.30),(2.25)
<0(oc)(x) 0(“)(y) >A; 8(1), s’(l), 6(2), g®

_[UL., P& w(dH(“) V™)1 e 09(x) 0(y)
JITT:- (zx) (zx)(dH(“) av®)]e”

(6.22)
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Moreover we call

<0 (oc)(x) o (a)(y) >A, T;eW,'D, @ @
= <0 (a)(x) 0 (zx)(y) >A; e(l), e'(l), 8(2), @

—OD(X)) 4,0y @ @ LOP(X)D 4,0 o000 @ (6.23)
so that
(OD(X) 0D(X), 1
= S(IE:'(I) (=1)20.e® S(ZE,(Z) (—1)%2.6
Zg;qe'(l), @ @ <O(a)(X) O(a)(y» AT oD, D@ @ 624

o 0,0 0

S g (=100 T g (~1)40r0ZY

Suppose that x and y are fixed to an M independent value; then

lim <O(a)(x) O(a)(y)>A, Tiel el 6262 — <O(“)(X) O(u)(y)>A, T,— — —— 0.
M — oo
(6.25)

In fact, as explained in Section 4.10, the Lh.s. of (6.25) can be written as a
sum of trees, and in each of them there is a factor e’*.*—1 or an end-point
associated to Qan,sll,ezgarz. With respect to the previo% bounds, simply
dimensional analysis says there is now an extra factor 5~ in the bounds so
it is vanishing in the limit M — oo, if X,y and #—¢, are fixed to an M-in-
dependent value. We can then simply study <O®(x) O“(y)> 7. _ _ _
which is given by the Grassmann integral (6.22) with O® given by (6.21).
By performing the change of variables (2.31) and (2.59), we get a sum of
averages of monomials in the y and y fields; we integrate the y-fields, as
discussed in Section 3, and we obtain a sum of Grassmann integrals of
monomials in the  fields; remembering that

HiHia)ﬁ;ng) = 1176 [l/I;,x lp:l,xl/IIL,yl//J—rl,y +¢17,yl//:l,yl/1tx lpJ—rl,x
+l//£x¢tl,xl//?:yl//:l,y +¢ixl//t1,x¢;,y¢tl,y
+l//itx‘//:1,xl//1_,yl//tl,y+¢txl//:1,x¢tyl//:l,y] (626)

we find the first two of (1.13) and (1.15) by (6.1), (6.13), (6.15) and (6.16),
(6.17). In Q¢ we include to contributions to the correlation function cor-
responding to monomials with six or more ¥ fields, and from (6.18), (6.19)
the last of (1.13) follows.
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Finally the specific heat is obtained in a similar way, noting that we

have to sum over x—y, and this produces an extra y* in the r.h.s. of (6.16),
(6.17), (6.18), (6.19).
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